Abstract. We give some methods for computing equations for certain Shimura curves, natural maps between them, and special points on them. We then illustrate these methods by working out several examples in varying degrees of detail. For instance, we compute coordinates for all the rational CM points on the curves X (1) associated with the quaternion algebras over Q rami ed at f2; 3g, f2; 5g, f2; 7g, and f3; 5g. We conclude with a list of open questions that may point the way to further computational investigation of these curves.
Introduction

Why and how to compute with Shimura curves
The classical modular curves, associated to congruence subgroups of PSL 2 (Q), have long held and repaid the interest of number theorists working theoretically as well as computationally. In the fundamental paper S2] Shimura de ned curves associated with other quaternion algebras other over totally real number elds in the same way that the classical curves are associated with the algebra M 2 (Q) of 2 2 matrices over Q. These Shimura curves are now recognized as close analogues of the classical modular curves: almost every result involving the classical curves generalizes with some more work to Shimura curves, and indeed Shimura curves gure alongside classical ones in a key step in the recent proof of Fermat's \last theorem " Ri] . But computational work on Shimura curves lags far behind the extensive effort devoted to the classical modular curves. The 19th century pioneers investigated some arithmetic quotients of the upper half plane which we now recognize as Shimura curves (see for instance F1, F2] ) with the same enthusiasm that they applied to the PSL 2 (Q) curves. But further inroads proved much harder for Shimura curves than for their classical counterparts. The PSL 2 (Q) curves parametrize elliptic curves with some extra structure; the general elliptic curve has a simple explicit formula which lets one directly write down the rst few modular curves and maps between them. (For instance, this is how Tate obtained the equations for the rst few curves X 1 (N) parametrizing elliptic curves with an algebra, and in CM points on those curves. The arithmetic methods may be able to provide this information, but so far no such computation seems to have been done. Our approach relies mostly on the uniformization of these curves qua Riemann surfaces by the hyperbolic plane, and uses almost no arithmetic. This approach is not fully satisfactory either; for instance it probably cannot be used in practice to exhibit all natural maps between Shimura curves of low genus. But it will provide equations for at least a hundred or so curves and maps not previously accessible, which include some of the most striking examples and should provide more than enough data to suggest further theoretical and computational work.
When a Shimura curve C comes from an arithmetic subgroup of PSL 2 (R) contained in a triangle group G p;q;r , the curve H=G p;q;r has genus 0, and C is a cover of that curve branched only above three points, so may be determined from the rami cation data. (We noted in E5, p.48 ] that this method was available also for classical modular curves comings from subgroups of PSL 2 (Z) = G 2;3;1 , though there better methods are available thanks to the cusp. Subgroups of PSL 2 (R) commensurate with 1 but not contained in G p;q;r may be handled similarly via the common subgroup of nite index.) The identi cation of H=G p;q;r with P 1 is then given by a quotient of hypergeometric functions on P 1 , which for instance lets us compute the P 1 coordinate of any CM point on C as a complex number to high precision and thus recognize it at least putatively as an algebraic number. Now it is known T] that only nineteen commensurability classes of arithmetic subgroups of PSL 2 (R) contain a triangle group. These include some of the most interesting examples | for instance, congruence subgroups of arithmetic triangle groups account for several of the sporadic \arithmetically exceptional functions" (rational functions f(X) 2 Q(X) which permute P 1 (F p ) for in nitely many primes p) of M u]; but an approach that could only deal with those nineteen classes would be limited indeed. When there are more than three elliptic points, a new di culty arises: even if C = H=G still has genus 0, we must rst determine the relative locations of the elliptic points, and to locate other CM points we must replace the hypergeometric functions to solutions of more general \Schwarzian di erential equations" in the sense of I1]. We do both by in e ect using nontrivial elements of the \commensurator" of the group G 2 PSL 2 (R), i.e. transformations in PSL 2 (R) which do not normalize G but conjugate G to a group commensurable with G. Ihara had already used these commensurators in I1] theoretically to prove that both C and its Schwarzian equation are de ned over a number eld, but this method has apparently not been actually used to compute such equations until now.
Overview of the paper
We begin with a review of the necessary de nitions and facts on quaternion algebras and Shimura curves, drawn mostly from S2] and V]. We then give 1 Recall that two subgroups H; K of a group G are said to be commensurate if H \ K is a subgroup of nite index in both H and K. extended computational accounts of Shimura curves and their supersingular and rational CM points for the two simplest inde nite quaternion algebras over Q beyond the classical case of the matrix algebra M 2 (Q), namely the quaternion algebras rami ed at f2; 3g and f2; 5g. In the nal section we more brie y treat some other examples which illustrate features of our methods that do not arise in the f2; 3g and f2; 5g cases, and conclude with some open questions suggested by our computations that may point the way to further computational investigation on these curves.
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2 Review of quaternion algebras over Q and their Shimura curves 2.1 Quaternion algebras over Q; the arithmetic groups ? (1) and ? (1) Let K be a eld of characteristic zero; for our purposes K will always be a number eld or, rarely, its localization, and usually the number eld will be Q.
A quaternion algebra over K is a simple associative algebra A with unit, containing K, such that K is the center of A and dim K A = 4. Such an algebra has a conjugation a $ a, which is a K-linear anti-involution (i.e. a = a and a 1 a 2 = a 2 a 1 hold identically in A) such that a = a , a 2 K. The trace and norm are the additive and multiplicative maps from A to K de ned by tr(a) = a + a; N(a) = a a = aa;
(1) every a 2 A satis es its characteristic equation a 2 ? (tr(a))a + N(a) = 0:
The most familiar example of a quaternion algebra is M 2 (K), the algebra of 2 2 matrices over K, and if K is algebraically closed then M 2 (K) is the only quaternion algebra over K up to isomorphism. The other well-known example is the algebra of Hamilton quaternions over R. In M 2 (K) the trace is the usual trace of a square matrix, so the conjugate of a 2 M 2 (K) is tr(a)I 2 2 ?a, and the norm is just the determinant. Any quaternion algebra with zero divisors is isomorphic with M 2 (K). An equivalent criterion is that the algebra contain a nonzero element whose norm and trace both vanish. Now the trace-zero elements constitute a K-subspace of A of dimension 3, on which the norm is a homogeneous quadric; so the criterion states that A = M 2 (K) if and only if that quadric has nonzero K-rational points. The Hamilton quaternions have basis 1; i; j; k satisfying the familiar relations i 2 = j 2 = k 2 = 1; ij = ?ji = k; jk = ?kj = i; ki = ?ik = j; (3) the conjugates of 1; i; j; k are 1; ?i; ?j; ?k, so a Hamilton quaternion 1 + 2 i + 3 j + 4 k has trace 2 1 and norm 2 1 + 2 2 + 2 3 + 2 4 . Thus the Hamilton quaternions over K are isomorphic with M 2 (K) if and only if ?1 is a sum of two squares in K.
In fact it is known that if K = R then every quaternion algebra over K is isomorphic with either M 2 (R) or the Hamilton quaternions. In general if K is any local eld of characteristic zero then there is up to isomorphism exactly one quaternion algebra over K other than M 2 (K) | with the exception of the eld of complex numbers, which being algebraically closed admits no quaternion algebras other than M 2 (C) . If A is a quaternion algebra over a number eld K then a nite or in nite place v of K is said to be rami ed in A if A K v is not isomorphic with M 2 (K v ). There can only be a nite number of rami ed places, because a nondegenerate quadric over K has nontrivial local zeros at all but nitely many places of K. A less trivial result (the case K = Q is equivalent to Quadratic Reciprocity) is that the number of rami ed places is always even, and to each nite set of places of even cardinality containing no complex places there corresponds a unique (again up to isomorphism) quaternion algebra over K rami ed at those places and no others. In particular an everywhere unrami ed quaternion algebra over K must be isomorphic with M 2 (K).
An order in a quaternion algebra over a number eld (or a non-Archimedean 2.2 The Shimura modular curves X(1) and X (1)
The group ?(1), and thus any other group commensurable with it such as ? (1), is a discrete subgroup of (A R) + =R (the subscript \+" indicating positive norm), with compact quotient unless = ;, and of nite covolume even in that case. Since A R = M 2 (R), the group (A R) + =R is isomorphic with PSL 2 (R) and thus with Aut(H), the group of automorphisms of the hyperbolic upper half plane H := fz 2 C : Im(z) > 0g: (6) Explicitly, a unimodular matrix ( a b c d ) acts on H via the fractional linear transformation z 7 ! (az + b)=(cz + d). We may de ne the Shimura curves X(1) and X (1) qua compact Riemann surfaces by X(1) := H=?(1); X (1) := H=? (1):
More precisely, the Riemann surfaces are given by (7) unless = ;, in which case the quotient only becomes compact upon adjoining a cusp.] The hyperbolic area of these quotients of H is given by the special case k = Q of a formula of Shimizu S1, Appendix] , quoted in T, p.207] . Using the normalization involve quaternion algebras over Q. In S2] Shimura associated modular curves to a quaternion algebra over any totally real number eld K for which the algebra is rami ed at all but one of the in nite places of K. Since the special case K = Q accounts for most of our computations, and is somewhat easier to describe, we limit our discussion to quaternion algebras over Q from here until section 5. 
and by similar power series in neighborhoods of = 1 and = 1 (see for instance GR, 9.10 and 9.15] Thus if A corresponds to some point P 2 X(1) then A 0 corresponds to a point P 0 2 X(1) determined algebraically by P; that is, we have an algebraic map w p : P 7 ! P 0 from X (1) Since X(1), X (1) have the structure of algebraic curves over Q, they can be regarded as curves over R. Now a real structure on any Riemann surface is equivalent to an anti-holomorphic involution of the surface. For surfaces H=? ? (1) is isomorphic with the triangle group G 2;4;6 . For general p; q; r with 3 1=p+ 1=q + 1=r < 1 we can (and, if p; q; r are distinct, can only) choose G p;q;r : 2 so that the real locus of H=G p;q;r consists of three hyperbolic lines joining the three elliptic points in pairs, forming a hyperbolic triangle, with G p;q;r : 2 generated by hyperbolic re ections in the triangle's sides; it is this triangle to which the term \triangle group" alludes. By abuse of terminology we shall say that a pair of points P; P 0 on X (1) are \cyclically N-isogenous" 4 if they correspond to ppas's A; A 0 with A 0 = A=G as above, and call the quotient map A ! A=G = A 0 a \cyclic N-isogeny". If we regard P; P 0 as ?(1)-orbits in H then they are cyclically N-isogenous i a point in the rst orbit is taken to a point in the second by some a 2 O of norm N such that a 6 = ma 0 for any a 0 2 O and m > 1; since in that case a also satis es this condition and acts on H as the inverse of a, this relation on P; P 0 is symmetric. Then X 0 (N) parametrizes pairs of N-isogenous points on X(1), and w N exchanges the points in such a pair. The involutions w p on X(1) lift to the curves X(N), X 0 (N), etc., and commute with w N on X 0 (N).
The larger group ? (1) likewise has congruence groups such as ? (N), ? 0 (N), etc., which give rise to modular curves covering X (1) called X (N), X 0 (N), etc. The involution w N on X 0 (N) descends to an involution on X 0 (N) which we shall also call w N . We extend our abuse of terminology by saying that two points on X (1) are \cyclically N-isogenous" if they lie under two N-isogenous points of X(1), and speak of \N-isogenies" between the equivalence classes of ppas's parametrized by X (1). One new feature of the congruence subgroups of ? (1) is that, while ? (N) is still normal in ? (1), the quotient group may be larger than PSL 2 (Z=N), due to the presence of the w p . For instance if l = 2 is prime then ? (1)=? (l) is PSL 2 (F l ) only if all the primes in are squares modulo l; otherwise the quotient group is PGL 2 (F l ). In either case the index of ? 0 (N) in ? (1), and thus also the degree of the cover X 0 (N)=X (1), is l + 1.
Since these curves are all de ned over Q, they can again be regarded as curves over R by a suitable choice of (? : 2). etc. Now x a prime l = 2 and consider the sequence of modular curves X r = X 0 (l r ) or X r = X 0 (l r ) (r = 0; 1; 2; : : :). The r-th curve parametrizes l r -isogenies, which is to say sequences of l-isogenies
such that the composite isogeny A j?1 ! A j+1 is a cyclic l 2 -isogeny for each j with 0 < j < n. 
each map being of degree l. We observed in E6, Prop. 1] that explicit formulas for X 1 ; X 2 , together with their involutions w l ; w l 2 and the map 0 : X 2 ! X 1 , su ce to exhibit the entire tower (25) explicitly: For n 2 the product map
is a 1:1 map from X n to the set of (P 1 ; P 2 ; : : : ; P n?1 ) 2 X n?1 2 such that 0 ? w l 2 (P j ) = w l ?
which decomposes as the union of that curve with the graph of w l . 5 This determines X 2 and the projections j : X 2 ! X 1 (j = 0; 1); the involution w l 2 is (Q 1 ; Q 2 ) $ (w l Q 2 ; w l Q 1 ):
Thus the equations we shall exhibit for certain choices of A and l su ce to determine explicit formulas for towers of Shimura modular curves X 0 (l r ), X 0 (l r ), towers whose reduction at any prime l 0 = 2 flg is known to be asymptotically optimal over the eld of l 0 2 elements I3, TVZ].
Complex-multiplication (CM) and supersingular points on Shimura curves
Let F be a quadratic imaginary eld, and let O F be its ring of integers. Assume that none of the primes of split in F. Then (1) is more than twice the number of rational CM points on the classical modular curve X(1). Curiously, already in the classical setting X(1) does not hold the record: it has 13 rational CM points, whilst X 0 (6) = X 0 (6)=hw 2 ; w 3 i has 14. The reason again is elds F with nontrivial class group generated by square roots of the ideals (2) or (3), though with a few small exceptions both 2 and 3 must ramify in F. In the X (1) setting the primes of are allowed to be inert as well, which makes the list considerably longer.] In fact for each of the rst four cases = f2; 3g; f2; 5g; f2; 7g; f3;5g we nd more rational CM points than on any classical modular curve. A major aim of this paper is computation of the coordinates of these points.
We must rst list all possible O. The class number of O, and thus of F, must be a power of 2 no greater than 2 # . In each of our cases, # = 2, so F has class number at most 4 and we may refer to the list of imaginary quadratic number elds with class group (Z=2) r (r = 0; 1; 2), proved complete by Arno A] . 6 Given F we easily nd all possible O, and imbed each into O by nding a 2 O such that (a ? a) 2 = disc(O). This gives us the CM point on H. But we want its coordinates on the Shimura curve H=? (1) as rational numbers. Actually only one coordinate is needed because X (1) has genus 0 for each of our four . We recover the coordinate as a real number using our Schwarzian uniformization of X (1) by H. (Of course a coordinate on P 1 is only de ned up to PGL 2 (Q), but in each case we choose a coordinate once and for all by specifying it on the CM points.) We then recognize that number as a rational number from its continued fraction expansion, and verify that the putative rational coordinate not only agrees with our computations to as many digits as we want but also satis es various arithmetic conditions such as those described later in this section. Of course this is not fully satisfactory; we do not know how to prove that, for instance, t = 13 2 67 2 109 2 139 2 157 2 163=2 10 5 6 11 6 17 6 (see Tables 1,2 below) is the   6 It might be possible to avoid that di cult proof for our application, since we are only concerned with elds whose class group is accounted for by rami ed primes in a given set , and it may be possible to provably list them all using the arithmetic of CM points on either classical or Shimura modular curves, as in Heegner's proof that Q( p ?163 ) is the last quadratic imaginary eld of class number 1.
CM point of discriminant ?163 on the curve X (1) associated with the algebra rami ed at f2; 3g. But we can prove that above half of our numbers are correct, again using the modular curves X (l) and their involutions w l for small l. This is because CM points behave well under isogenies: any point isogenous to a CM point is itself CM, and moreover a point on X(1) or X (1) is CM if and only if it admits a cyclic d-isogeny to itself for some d > 1. Once we have formulas for X 0 (l) and w l we may compute all points cyclically l-isogenous either with an already known CM points or with themselves. The discriminant of a new rational CM point can then be determined either by arithmetic tests or by identifying it with a real CM point to low precision. The classical theory of supersingular points also largely carries over to the Shimura setting. We may use the fact that the ppas parametrized by a CM point has extra endomorphisms to de ne CM points of Shimura curves algebraically, and thus in any characteristic = 2 . In positive characteristic p = 2 , any CM point is de ned over some nite eld, and conversely every F p -point of a Shimura curve is CM. All but nitely many of these parametrize ppas's whose endomorphism ring has Z-rank 8; the exceptional points, all de ned over F p 2 , yield rank 16, and are called supersingular, all other F p -points being ordinary. One may choose coordinates on X(1) (or X (1)) such that a CM point in characteristic zero reduces mod p to a ordinary point if p splits in the CM eld, and to a supersingular point otherwise. Conversely each ordinary point mod p lifts to a unique CM point (cf. D] for the classical case). This means that if two CM points with di erent CM elds have the same reduction mod p, their common reduction is supersingular, and then as in GZ] there is an upper bound on p proportional to the product of the two CM discriminants. So for instance if X (1) = P 1 then the di erence between the coordinates of two rational CM points is a product of small primes. This remains the case, for similar reasons, even for distinct CM points with the same CM eld, and may be checked from the tables of rational CM points in this paper. The preimages of the supersingular points on modular covers such as X 0 (l) yield enough F p 2 -rational points on these curves to attain the Drinfeld-Vl adut bound I3]; these curves are thus \asymptotically optimal" over F p 2 . Asymptotically optimal curves over F p 2f (f > 1) likewise come from Shimura curves associated to quaternion algebras over totally real number elds with a prime of residue eld F p f .
In the case of residue eld F p (so in particular for quaternion algebras over Q) Ihara I2] found a remarkable connection between the hyperbolic uniformization of a Shimura curve X = H=? and the supersingular points of its reduction mod p. We give his result in the case that X has genus 0, because we will only apply it to such curves and the result can be stated in an equivalent and elementary form (though the proof is still far from elementary). Since we are working over F p , we may identify any curve of genus 0 with P 1 , and choose a coordinate (degree-1 function) t on P 1 such that t = 1 is an elliptic point. Let t i be the coordinates of the remaining elliptic points. First, the hyperbolic area of the curve controls the number of points, which is approximately 1 2 (p + 1)Area(X ) | \approximately" because 1 2 (p + 1)Area(X )
is not the number of points but their total mass. The mass of a non-elliptic supersingular point is 1, but an elliptic point with stabilizer G has mass 1=#G.
If the elliptic point mod p is the reduction of only one elliptic point on H=? (which, for curves coming from quaternion algebras over Q, is always the case once p > 3), then its stabilizer is Z=eZ and its mass is 1=e where e is the index of that elliptic point. The mass formula also holds for X of arbitrary genus, and for general residue elds provided p is replaced by the size of the eld.] Let d be the number of non-elliptic supersingular points, and choose a Schwarzian equation (16) 3 The case = f2; 3g
3.1 The quaternion algebra and the curves X(1), X (1)
For this section we let A be the quaternion algebra rami ed at f2; 3g. This algebra is generated over Q by elements b; c satisfying b 2 = 2; c 2 = ?3; bc = ?cb:
The conjugation (1) is a triangle group, X (1) is a curve of genus 0. Moreover X (1) has Q-rational points (e.g. the three elliptic points, each of which must be rational because it is the only one of its index), so X (1) = P 1 over Q. Let t be a rational coordinate on that curve (i.e. a rational function of degree 1). In general a rational coordinate on P 1 is determined only up to the PGL 2 action on P 1 , but can be speci ed uniquely by prescribing its values at three points. In our case X (1) has three distinguished points, namely the elliptic points of orders 2; 4; 6; we x t by requiring that it assume the values 0; 1; 1 respectively at those three points.
None of s 2 ; s 4 ; s 6 is contained in ?(1). Hence the (Z=2) 2 cover X(1)=X (1) is rami ed at all three elliptic points. Thus s 2 lies under two points of X (1) with trivial stabilizer, while s 4 lies under two points of index 2 and s 6 under two points of index 3. By either the Riemann-Hurwitz formula or from (10) we see that X(1) has genus 0. This and the orders 2; 2; 3; 3 of the elliptic points do not completely specify ?(1) up to conjugacy in PSL 2 (R): to do that we also need the cross-ratio of the four elliptic points. Fortunately this cross-ratio is determined by the existence of the cover X(1) ! X (1), or equivalently of an involution s 4 on X(1) that xes the two order-2 points and switches the order-3 points. This forces the pairs of order-2 and order-3 points to have a cross-ratio of ?1, or to \divide each other harmonically" as the Greek geometers would say. The function eld of X(1) is generated by the square roots of c 0 t and c 1 (t?1) for some c 0 ; c 1 2 Q =Q 2 , but we do not yet know which multipliers c 0 ; c 1 are appropriate. If both c 0 ; c 1 were 1 then X(1) would be a rational curve with coordinate u with t = ((u 2 + 1)=2u) 2 = 1 + ((u 2 ? 1)=2u) 2 , the familiar parametrization of Pythagorean triples. The elliptic points of order 2 and 3 would then be at u = 1 and u = 0; 1. However it will turn out that the correct choices are c 0 = ?1; c 1 = 3, and thus that X(1) is the conic with equation X 2 + Y 2 + 3Z 2 = 0 (34) and no rational points even over R. That X(1) is the conic (34) is announced in Ku, p.279] and attributed to Ihara; that there are no real points on the Shimura curve X(1) associated to any inde nite quaternion algebra over Q other than M 2 (Q) was already shown by Shimura S3] . The equation (34) 3.2 Shimura modular curves X 0 (l) and X(l) for l = 5; 7; 13 Let l be a prime other than the primes 2; 3 of . We determine the genus of the curve X 0 (l) using the formula (10). Being a cover of X (1) of degree l + 1, the curve X 0 (l) has normalized hyperbolic area (l + 1)=12. It has 1 + (?6=l) elliptic points of order 2, 1 + (?1=l) elliptic points of order 4, and 1 + (?3=l) elliptic points of order 6. This is a consequence of our computation of s 2 ; s 4 ; s 6 , which lift to elements of A that generate sub elds isomorphic with Q( p ?6), Q( p ?1), and Q( p ?3). Actually the orders 2; 4; 6 of the elliptic points su ce.
Consider the images of s 2 ; s 4 ; s 6 in the Galois group ( PGL 2 (F l )) of the cover X 0 (l)=X (1), and the cycle structures of their actions on the l + 1 points of P 1 (F l ). These images 2 ; 4 ; 6 are group elements of order 2; 4; 6. For 4 and 6, the order determines the conjugacy class, which joins as many of the points of P 1 (F l ) as possible in cycles of length 4 or 6 respectively and leaves any remaining points xed; the number of xed points is two or none according to the residue of l mod 4 or 6. For 2 there are two conjugacy classes in PGL 2 (F l ), one with two xed points and the other with none, but the choice is determined by the condition that the genus g(X 0 (l)) be an integer, or equivalently by the requirement that the signs of 2 ; 4 ; 6 considered as permutations of P 1 (F l ) be consistent with s 2 s 4 s 6 = 1. We readily check that this means that the image of s 2 has two xed points if and only if (?6=l) = +1, as claimed. From (10) g(X 0 (l)) 0 0 1 0 1 1 2 1 1 1 2 2 3 It so happens that in the rst seven cases g(X 0 (l)) coincides with the genus of the classical modular curve X 0 (l), but of course this cannot go on forever because the latter genus is l=12 + O(1) while the former is only l=24 + O(1), and indeed g(X 0 (l)) is smaller for all l > 23. Still, as with X 0 (l), we nd that X 0 (l) has genus 0 for l = 5; 7; 13, but not for l = 11 or any l > 13. For the three genus-0 cases we shall use the rami cation behavior of the cover X 0 (l)=X (1) to nd an explicit rational function of degree l + 1 on P 1 that realizes that cover and determine the involution w l . Now for any l > 3 the solution of 2 4 6 = 1 in elements 2 ; 4 ; 6 of orders 2; 4; 6 in PGL 2 (F l ) is unique up to conjugation in that group. Thus we know from the general theory of Mat] that the cover X 0 (l)=X (1) is determined by its Galois group and rami cation data. Unfortunately the proof of this fact does not readily yield an e cient computation of the cover; for instance the Riemann existence theorem for Riemann surfaces is an essential ingredient. We use a method for nding the rational function t : X 0 (l) ! X (1) explicitly that amounts to solving for its coe cients, using the cycle structures of 2 ; 4 ; 6 to obtain algebraic conditions. In e ect these conditions are the shape of the divisors (t) 0 , (t) 1 , (t) 1 . But a rational function satisfying these conditions is not in general known to have the right Galois group: all we know is that the monodromy elements around 0; 1; 1 have the right cycle structures in the symmetric group S l+1 . Thus we obtain several candidate functions, only one of which has Galois group PGL 2 (F l ) (or PSL 2 (F l ) if l 1 mod 24). Fortunately for l = 5; 7 we can exclude the impostors by inspection, and for l = 13 the computation has already been done for us.
l=5. Here the cycle structures of s 2 ; s 4 ; s 6 are 2211, 411, 6. Curiously if the identity in the symmetric group S 6 is written as the product of three permutations 2 ; 4 ; 6 with these cycle structures then they can never generate all of S 6 . This can be seen by considering their images 0 2 ; 0 4 ; 0 6 under an outer automorphism of S 6 : these have cycle structures 2211, 411, 321, and thus have too many cycles to generate a transitive subgroup (if two permutations of n letters generate a transitive subgroup of S n then they and their product together have at most n + 2 cycles). It turns out that the subgroup generated by 0 2 ; 0 4 ; 0 6 can be either A 4 S 2 or the point stabilizer S 5 . In the former case 2 ; 4 ; 6 generate a transitive but imprimitive subgroup of S 6 : the six letters are partitioned into three pairs, and the group consists of all permutations that respect this partition and permute the pairs cyclically. In the latter case 2 ; 4 ; 6 generate PGL 2 (F 5 ); this is the case we are interested in. In each of the two cases the triple ( 2 ; 4 ; 6 ) is determined uniquely up to conjugation in the subgroup of S 6 generated by the 's, each of which is in a rational conjugacy class in the sense of Mat]. Thus each case corresponds to a unique degree-6 cover P 1 ! P 1 de ned over Q. We shall determine both covers.
Let t be a rational function on P 1 rami ed only above t = 0; 1; 1 with cycle structures 2211, 411, 6. Choose a rational coordinate x on P 1 such that x = 1 is the sextuple pole of t and x = 0 is the quadruple zero of t?1; this determines x up to scaling. Then t is a polynomial of degree 6 in x with two double roots such that t 1 mod x 4 . The double roots are necessarily the roots of the quadratic polynomial x ?3 dt=dx. Thus t is a polynomial of the form c 6 x 6 + c 5 x 5 + c 4 x 4 + 1 divisible by 6c 6 x 2 +5c 5 x+4c 4 . We readily compute that there are two possibilities for c 4 ; c 5 ; c 6 up to scaling (c 4 ; c 5 ; c 6 ) ! ( 4 c 4 ; 5 c 5 ; 6 c 6 ). One possibility gives t = 2x 6 ? 3x 4 + 1 = (x 2 ? 1) 2 (2x 2 + 1); being symmetric under x $ ?x this must be the imprimitive solution. Thus the remaining possibility must give the PGL 2 (F 5 ) cover X 0 (5)=X (1). The following choice of scaling of x = x 5 seems simplest: t = 540x 6 + 324x 5 + 135x 4 + 1 (36) = 1 + 27x 4 (20x 2 + 12x + 5) = (15x 2 ? 6x + 1)(6x 2 + 3x + 1) 2 : The elliptic points of order 2 and 4 on X 0 (5) are the simple zeros of t and t ? 1 respectively, i.e. the roots of 15x 2 ? 6x + 1 and 20x 2 + 12x + 5. The involution w 5 switches each elliptic point with the other elliptic point of the same order; this su ces to determine w 5 . The fact that two pairs of points on P 1 switched by an involution of P 1 determine the involution is well-known, but we have not found in the literature an explicit formula for doing this. Since we shall need this result on several occasion we give it in an Appendix as Proposition A. Using that formula (89), we nd that w 5 (x) = 42 ? 55x 55 + 300x : (37) l=7. This time s 2 ; s 4 ; s 6 have cycle structures 22211, 44, 611. Again there are several ways to get the identity permutation on 8 letters as a product of three permutations with these cycle structures, none of which generate the full symmetric group S 8 . There are two ways to get the imprimitive group 2 4 : S 4 ; the corresponding covers are obtained from the S 4 cover t = 4 3 ?3 4 by taking = x 2 + 0 where 0 is either root of the quadratic 3 2 +2 +1 = (1?t)=( ?1) 2 .
The remaining solution corresponds to our PGL 2 (F 7 ) cover.
To nd that cover, let t be a rational function on P 1 rami ed only above t = 0; 1; 1 with cycle structures 2211, 411, 6, and choose a rational coordinate x on P 1 such that x = 1 is the sextuple pole of t. This determines x up to an a ne linear transformation. Then there is a cubic polynomial P and quadratic relatively prime polynomials Q 1 ; Q 2 ; Q 3 in x such that t = P 2 Q 1 =Q 3 = 1 + Q 4 2 =Q 3 , i.e. such that P 2 Q 1 ?Q 4 2 is quadratic. Equivalently, the Taylor expansion of Q 2 2 = p Q 1 about x = 1 should have vanishing x ?1 and x ?2 coe cients, and then R(x) is obtained by truncating that Taylor expansion after its constant term. We assume without loss of generality that Q 1 ; Q 2 are monic. By translating x (a.k.a. \completing the square") we may assume that Q 1 is of the form x 2 + . If the same were true of Q 2 then t would be a rational function of x 2 and we would have an imprimitive cover. Thus the constant coe cient of Q 2 is nonzero, and by scaling x we may take Q 2 = x 2 + x + . We then set the x ?1 ; x ?2 coe cients of of Q 2 2 = p Q 1 to zero, obtaining the equations 
= 1 ? (2x 2 ? x + 8) 4 108(7x 2 ? 8x + 37) : The elliptic points of order 2 and 6 on X 0 (7) are respectively the simple zeros and poles of t, i.e. the roots of 4x 2 + 4x + 25 and 7x 2 ? 38x + 7. The involution w 7 is again by the fact that it switches each elliptic point with the other elliptic point of the same order: it is w 7 (x) = 116 ? 9x 9 + 20x : (40) l=13. Here the cycle structures are 2 7 , 44411, 6611. The computation of the degree-14 map is of course much more complicated than for the maps of degrees 6; 8 for l = 5; 7. Fortunately this computation was already done in MM, 
From an equation for X (l) and the rational map t on that curve we recover X 0 (l) by adjoining square roots of c 0 t and c 1 (t ? 1). For each of our three cases l = 5; 7; 13 the resulting curve has genus 1, and its Jacobian is an elliptic curve of conductor 6l | but only if we choose c 0 ; c 1 that give the correct quadratic twist.
For l = 5, l = 7, l = 13 it turns out that we must take a square root of 3t(1 ? t), ?t, 3(t?1) respectively. Fortunately these are consistent and we obtain c 0 = ?1 and c 1 = 3 as promised. The resulting curves X 0 (5); X 0 (7); X 0 (13) have no rational or even real points (because this is already true of the curve X(1) which they all cover); their Jacobians are the curves numbered 30H, 42C, 78B in the Antwerp tables in BK] compiled by Tingley et al., and and 30-A8, 42-A3, 78-A2 in Cremona C]. 3.3 Supersingular points on X (1) mod l We have noted that Ihara's description of supersingular points on Shimura curves is particularly simple in the case of a triangle group: the non-elliptic supersingular points are roots of a hypergeometric polynomial, and the elliptic points are CM in characteristic zero so the Deuring test determines whether each one is supersingular or not.
In our case, The elliptic points t = 0, t = 1, t = 1 are supersingular mod l if and only i l is inert in Q( p ?6), Q( p ?1), Q( p ?3) respectively, i.e. i ?6, ?1, ?3 is a quadratic nonresidue of l. Thus the status of all three elliptic points depends on l mod 24, as shown in the next table:
l mod 24 t e 1 5 7 11 13 17 19 23 0 2 1 4 1 6 (bullets mark elliptic points with supersingular reduction). This could also be obtained from the total mass (l + 1)=24 of supersingular points, together with the fact that the contribution to this mass of the non-elliptic points is integral: in each column the table shows the unique subset of 1=2; 1=4; 1=6 whose sum is congruent to (l + 1)=24 mod 1. The hypergeometric polynomial whose roots are the non-elliptic supersingular points has degree bl=24c, and depends on l mod 24 as follows: 3.4 CM points on X (1) via X 0 (l) and w l
We noted already that the elliptic points t = 0; 1; 1 on X (1) are CM points, with discriminants ?3; ?4; ?24. Using our formulas for X 0 (l) and w l (l = 5; 7; 13)
we can obtain fourteen further CM points: three points isogenous to one of the elliptic CM points, and eleven more points cyclically isogenous to themselves.
This accounts for all but ten of the 27 rational CM points on X (1). The discriminants of the three new points isogenous to t = 1 or t = 1 are determined by the isogenies' degrees. The discriminants of the self-isogenous points can be surmised by testing them for supersingular reduction at small primes: in each case only one discriminant small enough to admit a self-isogeny of that degree has the correct quadratic character at the rst few primes, which is then con rmed by extending the test to all primes up to 200. On X 0 (5) the image of x 5 = 1 under w 5 is ?11=60, which yields the CM point t = 152881=138240; likewise from w 5 (0) = 42=55 we recover the point 421850521=1771561. These CM points are 5-isogenous with the elliptic points t = 1, t = 1 respectively, and thus have discriminants ?3 5 2 and ?4 5 2 . Similarly on X 0 (7) we have w 7 (1) = ?9=20 at which t = ?1073152081=3024000000, a CM point 7-isogenous with t = 1 and thus of discriminant ?3 7 2 .
For each of l = 5; 7; 13 the two xed points of w l on X 0 (l) are rational and yields two new CM points of discriminants ?cl for some factors c of 24. For X 0 (5) these xed points are x 5 = ?3=5 and x 5 = 7=30, at which t = 2312=125 and t = 5776=3375 respectively; these CM points have discriminants ?40, ?120 by the supersingular test. For X 0 (7) we nd x 7 = 2 and x 7 = ?29=10, and thus t = ?169=27, t = ?701784=15625 of discriminants ?84, ?168 divisible by 7. For X 0 (13) the xed points x 13 = 9, x 13 = ?4 yield t = 6877=15625 and t = 27008742384=27680640625, with discriminants ?52 = 4 13 and ?312 = 24 13.
Each of these new CM points admits an l-isogeny to itself. By solving the equation t(x l ) = t(w l (x l )) we nd the remaining such points; those not accounted for by xed points of w l admit two self-isogenies of degree l, and correspond to a quadratic pair of x l values over Q(t). As it happens all the t's thus obtained are rational with the exception of a quadratic pair coming from the quartic 167x 4 13 ?60x 3 13 +12138x 2 13 ?1980x 13 +221607 = 0. Those points are: from X 0 (5), the known t = 1, t = ?169=25, and the new t = ?1377=1024, t = 3211=1024 of discriminants ?51, ?19; from X 0 (7), the CM points t = 0, 152881=138240, 3211=1024, 2312=125, 6877=15625 seen already, but also t = 13689=15625 of discriminant ?132; and from X 0 (13), seven of the CM points already known and also the two new values t = 21250987=16000000, 15545888=20796875 of discriminants ?43, ?88.
Numerical computation of CM points on X (1)
If we could obtain equations for the modular cover of X (1) by the elliptic curve X (11), X (17) or X (19) we could similarly nd a few more rational CM points on X (1). But we do not know how to nd these covers, let alone the cover X (l) for l large enough to get at the rational CM point of discriminant ?163; moreover, some applications may require irrational CM points of even higher discriminants. We thus want a uniform way of computing the CM points of any given discriminant as an algebraic irrationality. We come close to this by nding these points and their algebraic conjugates as real (or, in the irrational case, complex) numbers to high precision, and then using continued fractions to recognize their elementary symmetric functions as rational numbers. We say that this \comes close" to solving the problem because, unlike the case of the classical modular functions such as j, we do not know a priori how much precision is required, since the CM values are generally not integers, nor is an e ective bound known on their height. However, even when we cannot prove that our results are correct using an isogeny of low degree, we are quite con dent that the rational numbers we exist are correct because they not only match their numerical approximations to many digits but also pass all the supersingularity tests we tried as well as the condition that di erences between pairs of CM values are products of small primes as in GZ].
To do this we must be able to compute numerically the rational function t : H=? (1) !P 1 . Equivalently, we need to associate to each t 2 P 1 a representative of its corresponding ? (1)-orbit in H. We noted already that this is done, up to a fractional linear transformation over C, by the quotient of two hypergeometric functions in t. To x the transformation we need images of three points, and we naturally choose the elliptic points t = 0; 1; 1. These go to xed points of s 2 ; s 4 ; s 6 2 ? (1), and to nd those xed points we need an explicit action of ? (1) on H.
To obtain such an action we must imbed that group into Aut(H) = PSL 2 (R).
Equivalently, we must choose an identi cation of A R with the algebra M 2 (R) of 2 2 real matrices. Having done this, to obtain the action of some g 2 ? 
Thus for jtj < 1 the point on H=? (1) which maps to t is the ? (1) orbit of z near P 2 such that
for some solutions F 1 ; F 2 of the hypergeometric equation (18). Since the fractional linear transformation z 7 ! (z ? P 2 )=(z ? P 2 ) takes the hyperbolic lines P 2 P 4 and P 2 P 6 to straight lines through the origin, F 2 must be a power series in t, and F 1 is such a power series multiplied by p t; that is, (z ? P 2 )=(z ? P 2 ) = Ct 1=2 F 13 24 ; 17 24 ; 3 2 ; t F 1 24 ; 5 24 ; 1 2 ; t) :
for some nonzero constant C. We evaluate C by taking t = 1 in (48). Then z = P 4 , which determines the left-hand side, while the identity GR, 9.122] 
gives us the coe cient of C in the right-hand side in terms of gamma functions. We nd C = (:314837 : : :)i=(2:472571 : : :) = (:128545 : : :)i. Likewise we obtain convergent power series for computing z in neighborhoods of t = 1 and t = 1. (1) . Then there is a unique, and therefore rational, CM point on X (1) of discriminant D. Being rational, the point is real, and thus can be found on one of the three hyperbolic line segments P 2 P 4 , P 2 P 6 , P 4 P 6 . It is thus the xed point of a positive integer combination, with coprime coe cients, of two of the elliptic elements s 2 = bc + 2c, s 4 = (2 + b)(1 + c)=2, s 6 = (3 + c)=2 with xed points P 2 ; P 4 ; P 6 . In each case a short search nds the appropriate linear combination and thus the xed point z. Using (48) or the analogous formulas near t = 1, 3.6 Tables of rational CM points on X (1) There are 27 rational CM points on X (1). We write the discriminant D of each of them as ?D 0 D 1 where D 0 j24 and D 1 is coprime to 6. In Table 1 we give, for each jDj = D 0 D 1 , the integers A; B with B 0 such that (A : B) is the t-coordinate of a CM point of discriminant D. In the last column of this table we indicate whether the point was obtained algebraically (via an isogeny of degree 5, 7, or 13) and thus proved correct, or only computed numerically. The CM points are listed in order of increasing height max(jAj; B). Table 2 we give, for each except the rst three cases, the factorizations of jAj; B; jCj where C = A ? B, and also the associated \ABC ratio" E1] de ned by r = log N(ABC)= log max(jAj; B; jCj). As expected, the A; B; C values are \almost" perfect squares, sixth powers, and fourth powers respectively: a prime at which at which the valuation of A; B; C is not divisible by 2, 6, 4 resp. is either 2, 3, or the unique prime in D 1 . When D 1 > 1 its unique prime factor is listed at the end of the jAj, B, or jCj factorization in which it appears; otherwise the prime factors are listed in increasing order. In the factorization of the di erence between the last two t = A=B values in this table, the primes not accounted for by common factors in the last two rows of the table are 79, 127, 271, 907, 2287, 2971, 3547, each occurring once. 4 The case = f2; 5g 4.1 The quaternion algebra and the curves X(1), X (1) For this section we let A be the quaternion algebra rami ed at f2; 5g. This time A is generated over Q by elements b; e satisfying b 2 + 2 = e 2 ? 5 = be + eb = 0; 
Of the four generators only s 3 is in ? (1); thus the (Z=2) 2 cover X(1)=X (1) is rami ed at the elliptic points of order 2. Therefore X(1) is a rational curve with four elliptic points of order 3, and ? ( 1) g(X 0 (l)) 0 0 1 1 2 1 2 3 3 3 3 3 4
Since g(X 0 (l)) (l ? 13)=12, the cases l = 3; 7 of genus 0 occurring in this table are the only ones. We next nd an explicit rational functions of degree 4 on P 1 that realizes the cover X 0 (3)=X 0 (1), and determine the involution w 3 . The curve X 0 (3) is a degree-4 cover of X (1) (57) with w 3 (x) = 10 9 ?x. Smaller coe cients can be obtained by letting x = 1+2=x 0 , = 2t 0 =9, when t 0 = (2x 02 + 3x 0 + 3) 2 =x 0 and w 3 (x 0 ) = ?9x 0 =(4x 0 + 9). But our choice of x will simplify the computation of the Schwarzian equation, while the choice of t will turn out to be the correct one 3-adically.] The elliptic points are then P 6 : t = 0, P 00 2 : t = 27, and P 2 ; P 0 2 : t = 1; 2. In fact the information so far does not exclude the possibility that the pole of t might be at P 0 2 instead of P 2 ; that in fact t(P 2 ) = 1; t(P 0 2 ) = 2 and not the other way around can be seen from the order of the elliptic points on the real locus of X (1), or (once we compute the Schwarzian equation) checked using the supersingular test.
4.3 CM points on X (1) via X 0 (3) and w 3
From w 3 we obtain ve further CM points. Three of these are 3-isogenous to known elliptic points: w 3 takes the triple zero x = 1 of t to x = 1=9, which gives us t = ?192=25, the point 3-isogenous to P 3 with discriminant ?27; likewise w 3 takes the double root x = 5 and double pole x = ?1 of t ? 2 to x = ?35=9; 19=9 and thus to t = ?2662=169 and t = 125=147, the points 3-isogenous to t = 2 and t = 1 and thus (once these points are identi ed with P 0 2 and P 2 ) of discriminants ?180 and ?72. One new CM point comes from the other xed point x = 5=9 of w 3 , which yields t = ?27=49 of discriminant ?120. Finally the remaining solutions of t(x) = t(w 3 (x)) are the roots of 9x 2 ? 10x + 65; the resulting CM point t = 64=7, with two 3-isogenies to itself, turns out to have discriminant ?35.
The Schwarzian equation on X (1)
We can take the Schwarzian equation on X (1) to be of the form t(t ? 2)(t ? 27)f 00 + (At 2 + Bt + C)f 0 + (Dt + E) = 0:
The coe cients A; B; C; D are then forced by the indices of the elliptic points. Near t = 0, the solutions of (58) must be generated by functions with leading terms 1 and t 1=3 ; near t = 2 (t = 27), by functions with leading terms 1 and 
To determine the \accessory parameter" E, we again use the cover X 0 (3)=X (1) and the involution w 3 . A Schwarzian equation for X 0 (3) is obtained by substituting t = (6x ? 6) 3 =(x + 1) 2 (9x 2 ? 10x + 17) in (59). The resulting equation
will not yet display the w 3 symmetry, because it will have a spurious singular point at the double pole x = ?1 of t(x). To remove this singularity we consider not f(t(x)) but g(x) := (x + 1) ?1=6 f(t(x)):
The factor (x + 1) ?1=6 is also singular at x = 1, but that is already an elliptic point of X 0 (3) and a xed point of w 3 . Let x = u+5=9, so w 3 is simply u $ ?u. 
4.5 Numerical computation of CM points on X (1) We can now expand a basis of solutions of (62) in power series about each singular point t = 0; 2; 27; 1 (using inverse powers of t ? 27 2 for the expansion about 1 to assure convergence for real t = 2 0; 27]). As with the = f2; 3g case we need to identify A R with M 2 (R), and use the solution 
of (50), analogous to (30). We want to proceed as we did for = f2; 3g, but there is still one obstacle to computing, for given t 0 2 R, the point on the hyperbolic quadrilateral formed by the xed points of s 2 ; s 0 2 ; s 00 2 ; s 3 at which t = t 0 . In the = f2; 3g case, the solutions of the Schwarzian equation were combinations of hypergeometric functions, whose value at 1 is known. This let us determine two solutions whose ratio gives the desired map to H. But here ? (1) is not a triangle group, so our basic solutions of (62 are more complicated power series and we do not know a priori their values at the neighboring singular points. In general this obstacle can be overcome by noting that for each nonsingular t 0 2 R its image in H can be computed from the power-series expansions about either of its neighbors and using the condition that the two computations agree for several choices of t 0 to determine the maps to H. In our case we instead removed the obstacle using the non-elliptic CM points computed in the previous section. For example, we used the fact that t 0 = 125=147 is the CM point of discriminant 72, and thus maps to the unique xed point in H of (9b + 4e ? be)=2, to determine the correct ratio of power series about t = 0 and t = 2. Two or three such points su ce to determine the four ratios needed to compute our map R ! H to arbitrary accuracy; since we actually had ve non-elliptic CM points, we used the extra points for consistency checks, and then used the resulting formulas to numerically compute the t-coordinates of the remaining CM points.
There are 21 rational CM points on X (1 algebraically from the computation of X 0 (3) and w 3 . Some but not all of the remaining twelve points would move from \N" to \Y" if we also had the equations for the degree-8 map X 0 (7) ! X (1) and the involution w 7 on X 0 (7). It will be seen that the factor 3 3 in our normalization (57) of t was needed 7 to make t a good coordinate 3-adically: 3 splits in the CM eld i t is not a multiple of 3. 7 On the other hand the factor 2 3 in (57) was a matter of convenience, to make the four elliptic points integral.
In Table 4 we give the factorizations of jAj; B; jA?2Bj; jA?27Bj; as expected, jAj is always \almost" a perfect cube, and B; jA ? 2Bj; jA ? 27Bj \almost" a perfect square, any exceptional primes other than 2 or 5 being the unique prime in D 1 , which if it occurs is listed at the end of its respective factorization. Again we use the involution w 3 on the modular curve X 0 (3) to simultaneously determine the relative position of the elliptic points P 4 ; P 2 ; P 0 2 ; P 00 2 on X (1) and the modular cover X 0 (3) ! X (1), and then to obtain a Schwarzian equation on X (1). Clearly P 4 is completely rami ed in X 0 (3). Since ?8 and ?56 are quadratic residues of 3, each of P 2 ; P 0 2 ; P 00 is a rational curve with six elliptic points all of index 2, and we may choose coordinates t; x on X (1); X 0 (3) such that t(P 4 ) = 1, t(P 2 ) = 0, and x = 1, x = 0 at the quadruple pole and double zero respectively of t.
We next determine the action of w 3 on the elliptic points of X 0 (3). Necessarily the simple preimages of P 2 parametrize two 3-isogenies from P 2 to itself. On the other hand the simple preimages of P 0 2 parametrize two 3-isogenies from that point to P 00 2 and vice versa, because the squares of the primes above 3 in Q( p ?14) are not principal. Therefore w 3 exchanges the simple preimages of P 2 but takes each of the two simple points above P 0 2 to one above P 00 2 and vice versa.
So again we have a one-parameter family of degree-4 functions on P 1 , and a single condition in the existence of the involution w 3 ; but this time it turns out that there are (up to scaling the coordinates t; x) two ways to satisfy this condition: t = 1 3 (x 4 + 4x 3 + 6x 2 ); w 3 (x) = 1 ? x 1 + x ; P 0 2 ; P 00 2 : t 2 ? 3t + 3 = 0 (66) and t = 1 27 (x 4 + 2x 3 + 9x 2 ); w 3 (x) = 5 ? 2x
2 + x ; P 0 2 ; P 00 2 : 16t 2 + 13t + 8 = 0: (67) How to choose the correct one? We could consider the next modular curve X 0 (5) and its involution to obtain a new condition that would be satis ed by only one of (66,67). Fortunately we can circumvent this laborious calculation by noting that the Fuchsian group associated with (66) is commensurable with a triangle group, since its three elliptic points of index 2 are the roots of (1 ?t) 3 = 1 and are thus permuted by a 3-cycle that xes the fourth elliptic point t = 1. The quotient by that 3-cycle is a curve parametrized by (1 ? t) 3 with elliptic points of order 2; 3; 12 at 1; 0; 1. But by T] there is no triangle group commensurable with an arithmetic subgroup of A =Q ; indeed we nd there that G 2;3;12 is associated with the quaternion algebra over Q( p 3) rami ed at the prime above 2 and at one of the in nite places of that number eld. 8 Therefore (67) is the correct choice. Alternatively, we could have noticed that since X(1) is a (Z=2) 2 cover of X (1) rami ed at all four elliptic points, it has genus 1, and then used the condition that this curve's Jacobian have conductor 14 to exclude (66). The function eld of X (1) 
whose reductions are asymptotically optimal over F l 2 (l 6 = 2; 3; 7) with each step in the tower being a cyclic cubic extension. (Of course when we consider only reductions to curves over F l 2 the factor of 3 in (69) may be suppressed.)
Using w 3 we may again nd the coordinates of several non-elliptic CM points: t = 4=3 and t = 75=16 of discriminants ?36 and ?72, i.e. the points 3-isogenous to P 4 and P 2 , other than P 4 ; P 2 themselves; t = 4=9 and t = 200=9 of discriminants ?84 and ?168, coming from the xed points x = 1 and x = ?5 of w 3 ; and the points t = ?1, t = ?5 of discriminants ?11 and ?35, coming from the remaining solutions of t(x) = t(w 3 (x)) and each with two 3-isogenies to itself.
Even once the relative position of the elliptic points are known, the computation of the cover X 0 (5)=X (1) is not a trivial matter; I thank Peter M uller for performing this computation using J.-C. Faugere's Gr obner basis package GB. It turns out that there are eight PGL 2 (F 5 ) covers consistent with the rami cation of which only one is de ned over Q: This yields the CM points of discriminants ?11, ?35, ?36, ? 84 already known from w 3 , and new points of discriminants ?91, ?100, ?280. This accounts for eleven of the nineteen rational CM points on X (1); the remaining ones were computed numerically as we did for the = f2; 5g curve.
We used the Schwarzian equation t(16t 2 + 13t + 8)f 00 + (24t 2 + 13t + 4)f 0 + 3 4 t + 3 16 f = 0; (71) for which the \accessory parameter" 3=16 was again determined by pulling back to X 0 (3) and imposing the condition of symmetry under w 3 . We tabulate the coordinates t = A=B and factorizations for all nineteen points: Here the area of X (1) is 1=3. This again is small enough to show that there are only four elliptic points, but leaves two possibilities for their indices: 2,2,2,6 or 2,2,3,3. It turns out that the rst of these is correct. This fact is contained in the (2), and here it turns out that the elliptic points P 0 2 is not rami ed in the cover X 0 (2)=X (1): it admits two 2-isogenies to itself, and one to P 00 . Of the remaining elliptic points, P 6 is complete rami ed, and each of P 2 ; P 00 2 has one simple and one double preimage. So we may choose coordinates x; t on X 0 (2) and X (1) such that t = x(x ?3) 2 =4, with t(P 6 ) = 1, t(P 2 ) = 0, t(P 00
2 ) = 1. To determine t(P 0 2 ) we use the involution w 2 , which switches x = 1 (the triple pole) with x = 0 (the simple zero), x = 4 (the simple preimage of P 00 2 ) with one of the preimages x 1 of P 0 2 (the one parametrizing the isogeny from P 0 2 to P 00 2 ), and the other two preimages of P 0 2 with each other.
Then w 2 is x $ 4x 1 =x, so the product of the roots of (t(x 1 ) ? t(x))=(x ? x 1 ) is 4x 1 . Thus
x(x ? 3) 2 ? 4t(P 0 2 ) = (x ? x 1 )(x 2 + ax + 4x 1 )
for some a. Equating x 2 coe cients yields a = x 1 ? 6, and equating the coecients of x we nd 9 = 10x 1 ? x 2 1 . Thus x 1 = 1 or x 1 = 9; but the rst would give us t(P 0 2 ) = 1 = t(P 00 2 ) which is impossible. Thus x 1 = 9 and t(P 0 2 ) = 81, with w 2 (x) = 36=x. This lets us nd six further rational CM points, of discriminants and use it to compute the remaining twelve rational CM points numerically. We tabulate the coordinates t = A=B and factorizations for the twenty-two rational CM points on X (1): 
